Dispersion management using betatron resonances in an ultracold-atom storage ring 



in 
o 
o 

CN 

wo: 
< 



K.W. Murch, K.L. Moore, S. Gupta, and D.M. Stamper-Kurn 
Department of Physics, University of California, Berkeley CA 94720 

Specific velocities of particles circulating in a storage ring can lead to betatron resonances at 
which static perturbations of the particles' orbit yield large transverse (betatron) oscillations. We 
have observed betatron resonances in an ultracold-atom storage ring by direct observation of beta- 
tron motion. These resonances caused a near-elimination of the longitudinal dispersion of atomic 
beams propagating at resonant velocities, an effect which can improve the performance of atom 
interferometric devices. Both the resonant velocities and the strength of the resonances were varied 
by deliberate modifications to the storage ring. 
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In circular accelerators and storage rings, the trans- 
verse oscillations of guided particles away from the unper- 
turbed beam path are known, for historical reasons 0, 
as betatron oscillations. While such oscillations can usu- 
ally be kept small in a well-designed device, large-scale 
betatron motion can nevertheless be excited resonantly 
by weak, static perturbations of the beam path if the 
particle beam propagates at specific velocities. In high 
energy devices Q and in neutron storage rings 3], such 
betatron resonances cause the particle beam to collide 
with apertures in the device and be lost. 

Today, storage rings, and, potentially, circular acceler- 
ators, are being developed for ultracold, electrically neu- 
tral atoms 0, la, IE or molecules , to be used for pre- 
cise interferometry usin g gu ided matter waves , studies 
of low-energy collisions |lCt ITTI| , and the manipulation of 
quantum degenerate matter. That these motivations are 
quite different from those for high-energy physics sug- 
gests that the familiar concepts of accelerator physics be 
examined in a new light. 

Here, we explore betatron resonances in a millimeter- 
scale storage ring for ultracold atoms with energies of 
around fee x 100 /xK per atom (100 peV per nucleon), or- 
ders of magnitude smaller than those in modern particle 
physics facilities. The exchange of energy between longi- 
tudinal and transverse motion at several betatron reso- 
nances is directly observed for Bose-Einstein condensates 
(BECs) propagating in the ring. This exchange dramat- 
ically reduces the longitudinal dispersion of the atomic 
beam, lowering its longitudinal kinetic temperature to 
the pK range. Such dispersion management ma y g reatly 
improve measurements of rotation rates |I3 . ll3tll4| . fun- 
damental constants |l5j . and other quantities |l6j| by 
atom-interferometric schemes which are sensitive only to 
longitudinal velocities. Our study emphasizes the con- 
ceptual unity among storage rings, and suggests that 
other concepts of accelerator physics, such as non-linear 
resonant beam extraction or Landau damping of modu- 
lation instabilities, may also be adapted to the ultralow 
energy domain. 

The storage ring used for this work is a magnetic time- 
orbiting ring trap for ultracold 87 Rb atoms (Fig. QJ. 
Atoms are confined to a circular ring of radius r = 1.25 
mm in the horizontal plane by a transverse potential 
which is harmonic for small displacements from the nom- 
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FIG. 1: An ultracold-atom storage ring. Axes are indicated 
with gravity along —z. Top or side view images of the atoms 
allow their motion to be studied. Dashed circles indicate the 
270 /im radial extent of top-view images displayed in polar 
coordinates as "annular views" in Figs. [5] and 2] We refer to 
motion in r as radial, in z as axial, and in 9 as azimuthal 
or longitudinal. The nominally circular storage ring contains 
radial 8r (exaggerated for illustration) and axial 5z beam-path 
errors and an azimuthal variation U (8) in the potential. 



inal beam orbit. Both frequencies for transverse motion 
in this potential, i.e. the betatron frequencies for radial 
(uj r ) and for axial (lu z ) motion, are independently ad- 
justed by varying the time-varying magnetic field B rot 
used in our trap [jj]]. For atoms in the \F = 1, mp = —1} 
hyperfine ground state used in this work, using B TOt 
between 4.8 and 13 G gives betatron frequencies in the 
range 2ir (50 — 90) Hz. This range of B rot varies the max- 
imum height of the trapping potential in the transverse 
directions in the range of ks (40 — 100) fiK. 

Pulsed atomic beams are "injected" into the storage 
ring in two stages. First, a non-degenerate gas of 2 x 10 7 
atoms is loaded in a portion of the storage ring, with 
an azimuthal confining potential added to the ring by 
application of a 9 G sideways magnetic field 6J. This 
gas is then cooled using forced evaporation to produce 
a BEC of up to 3 x 10 5 atoms. Second, the BEC is ac- 
celerated over 30 ms by changing the sideways field so as 
to lower the potential of the trap minimum and advance 
its position along the ring. By varying settings in this 
acceleration, the mean initial angular velocity of atoms 
in the ring, f2j, is varied between 40 and 120rad/s [Isj . 
The sideways field is eliminated over the next 30 ms as 
B ro t is brought to its storage-ring setting. 

Important parameters for characterizing betatron mo- 
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FIG. 2: Dispersion management of matter waves in a storage 
ring. Annular (top) views are shown after 2, 11, and 18 com- 
plete revolutions for initial mean axial tunes of (a) v z — 4.2 
and (b) v z = 4.0. Slight bends in the cloud result from radial 
betatron motion excited during the injection sequence, (c) 
The rms width of all (X's for v z = 4.2) or just the compact 
portion (circles for v z = 4.0) of the atomic beam is shown 
vs. propagation time, with data for v z = 4.0 limited to times 
when the compact and diffuse portions are separated. A lin- 
ear fit to data for v z = 4.2 (solid line), and a line joining 
earliest and latest data for v z = 4.0 (dashed line) are shown. 
Here (w r ,w*) = 2vr (48, 60) Hz. 



FIG. 3: Matter wave dispersion at an axial betatron reso- 
nance. The distribution of final azimuthal velocities is shown 
for beams with initial mean angular velocities fli/2n evenly 
spaced between 14.3 (bottom curve) and 15.4 Hz (top curve). 
Data are offset vertically for clarity. These distributions are 
obtained from the radially-integrated column density in top 
view images taken after 640 ms of propagation. Atoms ex- 
pelled from the stopband (gray shading) accumulate at its 
low-velocity edge. Since the stopband is narrower than the 
full initial range of velocities in the beam, only a portion of 
the beam is affected. Low- velocity atoms for Qi/2n — 14.3 
Hz are affected by the v r — 5 radial betatron resonance. Here 
(u>r,u) x ) = 2tt (70, 74) Hz. 



tion in a storage ring are the tune parameters, v r>z = 
u) rtZ /fl, which give the number of betatron oscillations 
occurring over one complete orbit along the closed-loop 
beam path. At integer values of the tune parameters, the 
transverse deflections of particles due to small, spatially- 
fixed perturbations to the beam path accumulate in 
phase over many orbits to drive large scale betatron 
motion. This describes a low-order betatron resonance 
which is the subject of the present work. Higher-order 
perturbations, such as a spatial modulation of the trans- 
verse trapping frequencies or coupling between the two 
modes of betatron motion, can result in higher-order be- 
tatron resonances at non-integer values of the tune pa- 
rameters and in non-linear coupling between resonances 
. We did not observe these higher-order effects in our 
storage ring. 

The propagation of an atomic beam launched at two 
different initial velocities, either away from or at a beta- 
tron resonance, is compared in Fig. [21 At the measured 
axial tune of v z = 4.2, the rms azimuthal width of the 
cloud grows steadily according to an rms azimuthal lin- 
ear velocity of Av = 1.7mm/s |19|, equivalent to an rms 
variation in the tune of Av z = 6 x 1CP 2 , or to a longitu- 
dinal kinetic temperature of T = m(Av) 2 /ks = 28 nK. 
At this rate of expansion, the propagating cloud fills a 
large portion of the storage ring within 10 revolutions. 

An atomic beam launched at a resonant tune parame- 
ter evolves quite differently. With the mean tune param- 
eter v z = 4.0 set to an integer value, about half of the 
atoms are "caught" in a betatron resonance, and their 



longitudinal dispersion ceases so that a compact portion 
of the beam remains even after 18 revolutions (Fig. 
Starting after about 250 ms, the width of this compact 
portion shows no further growth. Based on measure- 
ments from the earliest and latest times in Fig. we 
estimate the rms velocity of this portion of the beam 
to be below 100/im/s, reducing the range of tunes to 
Av z <4 x 10~ 3 . This corresponds to a longitudinal ki- 
netic temperature of below 100 pK. To our knowledge, 
this is the lowest kinetic temperature ever reported for 
an atomic beam. 

We note that the rms velocity of the atomic beam was 
not directly measured, as could be done, for example, 
using Doppler-sensitive spectroscopy |2jj. Nevertheless, 
we argue that our estimate for the rms velocity is indeed 
valid, especially in light of the agreement with simula- 
tions of the resonance, as described below. An alter- 
native explanation for reduced dispersion due to bright 
soliton formation 0, ^ appears ruled out for two rea- 
sons. First, the interactions between 87 Rb atoms in our 
ring are repulsive, rather than attractive, while quantum 
states with a negative effective mass, necessary for the 
creation of gap solitons [23], do not appear to arise in 
our storage-ring potential. Second, we also observe a re- 
duced longitudinal dispersion for atomic beams derived 
from a non-degenerate atomic gas, albeit with greater 
dispersion than when BECs are launched into the storage 
ring. These beams have a higher initial kinetic temper- 
ature and lower density than those derived from a BEC, 
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FIG. 4: Stopbands for v r = 5 radial (lower fi,) and the v z = 5 
axial (higher fii) betatron resonances. Mean final angular 
velocities, determined after 440 ms of propagation in the ring, 
are shown vs. Qi. Near the resonances, the atomic beam 
divides into two portions (Fig.|^J, and mean angular velocities 
of each are given. Simulation results for the axial resonance 
(solid line), and the relation Qi = Qf (dashed line) are shown. 
The (a) annular and (b) side views of the atoms launched at 
v r = 5 (radial resonance), and (c) annular and (d) side views 
of those at v z — 5 (axial resonance), show which transverse 
oscillation is enhanced at each resonance. The horizontal scale 
for (a) and (c) is chosen to give equal cloud lengths in annular- 
and side-view images. Here, (uv, u)z)/2n = (69, 73) Hz. 
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FIG. 5: Tuning the resonant velocities and strength of be- 
tatron resonances, (a) Measured angular frequencies flies at 
the low velocity edge of stopbands observed at several radial 
(open circles) and axial (filled circles) betatron resonances 
are shown vs. measured betatron frequencies, (b) The v T — 4 
resonance for (cj r ,u g ) = 2n (68, 74) Hz is characterized with 
a deliberately applied U (9) = JJa sin 48 azimuthal potential 
of strength Ui/ka = 24 (circles), 45 (triangles), and 81 nK 
(squares). The dashed line shows the relation Qi — Qf. 



conditions which further disfavor soliton formation. 

The effects of the betatron resonance are displayed in 
more detail in Fig. [3] Here, atomic wave packets are 
launched at tune parameters near v z = 5 and then im- 
aged after 640 ms of propagation. The data indicate a 
range of velocities, also known as a stopband Q, which 
cannot be maintained in the static potential of the stor- 
age ring. While in a high energy storage ring particles 
with velocities within the stopband are lost, in our ring 
the transverse oscillations at the betatron resonance have 
energies (< ks X 5/iK) which are insufficient to expel 
atoms from the ring. Rather, these atoms remain in the 
storage ring and accumulate in a narrow range of final 
velocities at the low-velocity edge of the stopband. 

Scanning the beam velocity over a wider range, sev- 
eral betatron resonances can be observed, each yielding 
a stopband of disallowed velocities (Fig. H}. Resonances 
are identified as either axial or radial by directly observ- 
ing the betatron motion. A radial resonance produces 
an atomic beam which oscillates radially with a phase 
that differs across the length (i.e. across azimuthal ve- 
locities) of the cloud. A side image of the same beam 
shows no significant axial betatron motion. Conversely, 
an axial betatron resonance induces axial but not radial 
oscillations. Such images also confirm that the energy of 
the atomic beam is conserved at a betatron resonance. 
For instance, the 60 fim maximum amplitude of radial 
betatron motion observed in Fig.^Ja) corresponds to an 
energy of kg x 3.4 /zK. Given the initial kinetic energy 
of ks x 62 fiK for atoms launched at v r = 5, this motion 



should reduce the longitudinal velocity by 2.7%, in agree- 
ment with the measured magnitude of the stopband. 

The atomic beam in these experiments derives from a 
BEC and is thus characterized by a macroscopic quan- 
tum wavefunction. Away from a resonance, its transverse 
velocity width is consistent with that of a minimum un- 
certainty quantum state, as determined from its trans- 
verse expansion after a sudden release from the storage 
ring. Nevertheless, since the energy transferred to beta- 
tron motion is several hundred times larger than fiw r>z , 
the relevant harmonic oscillator energy quanta, a purely 
classical treatment suffices to describe the atomic motion 
near a resonance. 

To model an axial betatron resonance, for example, we 
consider that the locus of potential minima for our mag- 
netic ring deviates from the z — horizontal plane by 
an amount 8z(6). Such a deviation, or beam-path error, 
arises from imperfections in the electromagnets used to 
generate the magnetic potential and from stray magnetic 
fields. Assuming Sz is small, the betatron resonance at 
each integer value of the axial tune arises from beam-path 
errors with harmonic index q = v z in the Fourier series 
5z{6) = Y^,qLi $ z q sin(g^ + 6 q ). The strength of the be- 
tatron resonance, given, for example, by the magnitude 
of the stopband, is then determined by the appropriate 
magnitude Sz q . Radial betatron resonances, which are 
caused by radial beam-path errors 8r(9) and azimuthal 
variations in the potential minimum U(8), can be simi- 
larly analyzed. 

For our simulation, we chose Sz — Sz$ sin(5#) while set- 
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ting Sr and U(0) to zero. The magnitude Sz^ = 1.2/im 
was chosen to match the measured magnitude of the 
resonance stopband. We then numerically integrated 
the classical equations of motion for a point particle for 
500 ms with the initial condition that the particle prop- 
agate purely azimuthally at angular frequency fli with 
z = and radius corresponding to a circular orbit in 
the absence of beam-path errors. The simulations indi- 
cate that for LJ z /Qi ~ 5, a fraction of the total energy 
is exchanged between the azimuthal and axial motions, 
reducing the average longitudinal velocity. The simula- 
tions confirm that particles initially propagating at tunes 
within the stopband are slowed to a narrow range of av- 
erage velocities, the narrowness of which accounts for the 
reduced dispersion at the betatron resonance. 

The manipulation of matter waves through betatron 
resonances represents a novel approach to manage dis- 
persion in a circular, multimode atomic waveguide. To 
make use of such dispersion management (see also Ref. 
|24|). it is desirable to control both the resonant veloc- 
ity and also the strength of a betatron resonance. We 
demonstrate both these capabilities in our storage ring. 
To vary the betatron resonance frequency, and thereby 
the resonance velocity, we adjust the transverse trap fre- 
quencies in our storage ring. The measured positions of 
several resonances at various settings of our storage ring, 
shown in Fig. [S^,, exhibit the expected linear scaling of 
resonant angular velocities with the betatron frequen- 
cies. To vary the strength of a specific resonance, we add 



to our magnetic trap a static radial-quadrupole magnetic 
field with its axis coinciding with that of the storage ring. 
This magnetic field adds two types of errors to the ring: a 
q = 2 axial beam-path error, and ag = 4 potential error 
U{9) which is proportional to the azimuthal field magni- 
tude. As shown in Fig. |5{b), the strength of the radial 
betatron resonance at v r = 4, assessed by the magnitude 
of the stopband, is adjusted by varying the magnitude of 
the deliberately applied q = 4 modulation. 

Our work has important implications for guided-atom 
interferometry. For example, an atom beam produced 
at an axial betatron resonance will experience less vari- 
ation in the Coriolis acceleration produced in a frame 
rotating about the ring axis, as a result of having a nar- 
rowly defined orbital radius and angular velocity. An 
atomic Sagnac interferometer |14| could thus detect ro- 
tations with higher precision. On the other hand, the 
excitation of betatron motion |25l |2(j may add uncertain 
path-dependent phases in an atom interferometer. The 
effects of betatron resonances, which cause even small de- 
fects in a waveguide to induce large betatron oscillations 
of guided atoms, will require further scrutiny as guided- 
atom interferometers are developed and deployed. 
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